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( \langle [-1, 1] ) $f(x)$
$K(x)$
$I(f;K) \equiv\int_{-1}^{1}f(x)K(x)dx$ , (1.1)
. , $K(x)$ [-1, 1] (
[-1, 1] ) ,
$K_{1}(x)=1/(x-c)$ $K_{2}(x)=1/(x^{2}+\delta^{2})$ , $-1\leq X\leq 1$ , (1.2)
. (1.2) $|\delta|<<1$ , $c$
[-1, 1] .
$c=\delta\pm 1$ ( $\delta>0$ , $\delta<0$ ) . $|\delta|$
, (1.2) $K_{1}(x)$ $K_{2}(x)$ [-1, 1] .
[4], $K_{1}(x)$
$K_{2}(x)$ [1, 14, 15, 18]. , (1.1)
.
$I(f;K=1)$ [3] (1.1)
[11]. $T_{k}(x)$ , $f(x)$ $N+1$ $\cos(\pi j/N)$
$(0\leq i\leq N)$ ,
$p_{N}(x)= \sum_{k=0}^{N}$
“
$a_{k}^{N}T_{k}(x)$ , $-1\leq x\leq 1$ . (1.3)
(1.3) 1/2
. $a_{k}^{N}$ (FFT) [2, 7, 13].
$f(x)$ , $p_{N}(1.3)$ $N$ .
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(1.1) $f$ (1.3) $p_{N}$ QN$(f;K)$
$Q_{N}(f;K) \equiv\int_{-1}^{1}p_{N}(x)K(x)dx=I(p_{N};K)$ . (1.4)
$Q_{N}(f;K_{i})(i=1,2)$ , $K_{i}(x)(i=1,2)$
$p_{N}(x)=2K_{1}(x)^{-1} \sum_{k=0}^{N-1}b_{k}^{(1)}T_{k}(x)+\tau T_{N}(x)$ , (1.5)
$p_{N}(x)=4K_{2}(x)^{-1} \sum_{k=0}^{N-2}b_{k}^{\{2)}T_{k}(x)+\tau_{1}T_{N-1}(x)+\tau_{2}T_{N}(x)$ , (1.6)
. 1/2 .
QN $(f;K_{1})$ $Q_{N}(f;K_{2})$
$Q_{N}(f;K_{1})=4 \sum_{k=0}^{N/2-1}$ ’ $b_{2k}^{(1)}/(1-4k^{2})+ \tau\int_{-1}^{1}T_{N}(x)K_{1}(x)dx$, (1.7)
$Q_{N}(f;K_{2})$ $=8 \sum_{k=0}^{N/2-1}$
’ $b_{2k}^{(2)}/(1-4k^{2})+ \tau_{2}\int_{-1}^{1}T_{N}(x)K_{2}(x)dx$ , (1.8)
$N$ ($\int_{-1}^{1}T_{N-1}(x)K_{2}(x)dx=0$ ,
).
2 , (1.5) (1.6) $b_{k}^{(1)}$ $b_{k}^{(2)}$ .
, $b_{k}^{(1)},$ $b_{k}^{(2)}$
. 3 , Levin $Sidi[17]$
( ) , (1.7) (1.8) $\int_{-1}^{1}T_{N}(x)$
$K_{i}(x)dx(i=1,2)$ , , . 4 ,
$Q_{N}(f;K_{i})$ . 5 .
2
(1.5) (1.6) $b_{k}^{(i)}(i=1,2)$ .
2.1 $K_{1}-(x)$ $b_{k}^{(1)}$
2 $xT_{k}(x)=T_{k+1}(x)+T_{k-1}(x)$ , $k=1,2,$ $\ldots$ , (2.1)
(1.5) $T_{k}(x)$ ,
$b_{k+1}^{(1)}-2cb_{k}^{(1)}+b_{k-1}^{(1)}=a_{k}^{N}$ $(k=0,1, \ldots,N-1)$ , $b_{N-1}^{(1)}+\tau=a_{N}^{N}/2$ , (2.2)
17
. $b_{-1}^{\langle 1)}=b_{1}^{\langle 1)}$ , $b_{N}^{(1)}=0$ .
(2.2) , $b_{k}^{(1)}$
. $b^{(1)}=[b_{0}^{\{1)}, b_{1}^{\langle 1)}, \ldots, b_{N-1}^{(1)}]^{T},$ $a^{(1)}=[a_{0}^{N}/2, a_{1}^{N}, \ldots, a_{N-1}^{N}]^{T}$
$A^{(1)}$ : $A_{0,0}^{(1)}=-c,$ $A_{i,1}^{(1)}=-2c(i=1,$
$\ldots,$ $N-$
1), $A_{i,i+1}^{(1)}=A_{i+1,i}^{(1)}=1(i=0, \ldots, N-2)$ . $|c|>1$ $A^{(1)}$





4 $x^{2}T_{k}(x)=T_{k+2}(x)+2T_{k}(x)+T_{k-2}(x)$ , $k\geq 2$ . (2.3)
. (1.6) (2.3) , $d=1+2\delta^{2}$
$b_{k+2}^{(2)}+2db_{k}^{(2)}+b_{k-2}^{(2)}=a_{k}^{N}$ $(k=0,1, \ldots, N-2)$ , (2.4)
$b_{N-3}^{(2)}+\tau_{1}=a_{N-1}^{N}$ , $b_{N-2}^{(2)}+\tau_{2}=a_{N}^{N}/2$ ,
. $b_{-2}^{(2)}=b_{2}^{(2)},$ $b_{-1}^{(2)}=b_{1}^{(2)},$ $b_{i}^{(2)}=0(\prime i\geq N-1)$ . $b^{(2)}=$
$[b_{0}^{(2)}, b_{2}^{(2)}, \ldots, b_{N-2}^{(2)}]^{T},$ $a^{(2)}=[a_{0}^{N}/2, a_{2}^{N}, \ldots, a_{N-2}^{N}]^{T}$ $A^{(2)}$
. $A_{0,0}^{(2)}=d,$ $A_{i,i}^{(2)}=2d(i=1, \ldots, N/2-1),$ $A_{i,i+1}^{(2)}=A_{i+1,i}^{(2)}=1(i=$
$0,$
$\ldots,$ $N/2-2$). 2.1 $A^{(2)}b^{(2)}=a^{(2)}$ ,
(1.8) $b_{2k}^{(2)}(k=0,1, \ldots, N/2-1)$ .
3
Levin Sidi[17] (1.7) (1.8) 1 $T_{N}(x)K_{i}(x)dx$
$(i=1,2)$ .
1 T $N$ $(x)/(x-c)dx$ . ,
(Hasegawa et $a1.[12,$ $p.552]$ ),
$1/(x-c)=-4/( \alpha^{-1}-\alpha)\sum_{n=0}^{\infty}$
’
$\alpha^{n}T_{n}(x)$ , $|x|\leq 1$ , $|c|>1$ , (3.1)
$c=(\alpha+\alpha^{-1})/2$ , $|\alpha|<1$ $\alpha=c\pm\sqrt{c^{2}-1}$ ,
$\alpha=1/(c+\sqrt{c^{2}-1})$ , if $c=\delta+1>1$ ,
$\alpha=c+\sqrt{c^{2}-1}$ , if $c=\delta-1<-1$ . (3.2)
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3.1 $N$ , $\alpha$ (3.2) . $\phi(\alpha, N)$ $\psi(\alpha, N)$
, :
$\phi(\alpha, N)$ $=$ $\sum_{n=0}^{N/2-1}\frac{2\alpha^{2n+1}}{N-2n-1}-\alpha^{N}\ln(\frac{1+\alpha}{1-\alpha})$ , (3.3)
$\psi(\alpha, N)$ $=$ $\frac{1}{\alpha}\ln(\frac{1+\alpha}{1-\alpha}I-\sum_{n=0}^{N/2-1}\frac{2\alpha^{2n}}{2n+1}.$ (3.4)
$\int_{-1}^{1}\frac{T_{N}(x)}{x-c}dx=\phi(\alpha, N)-\alpha^{1-N}\psi(\alpha, N)$ , (3.5)
.
:
$2T_{n}(x)T_{m}(x)=T_{n+m}(x)+T_{|n-m|}(x)$ , $n\geq 0$ , $m\geq 0$ , (3.6)
2 $\sum_{n=0}^{\infty}’\alpha^{n}T_{n}(x)T_{m}(x)=\sum_{n=-\infty}^{\infty}\alpha^{|n|}T_{|n+m|}(x)$ , (3.7)
. $n$ , $\int_{-1}^{1}T_{|n|}(x)dx=2/(1-n^{2})$ , ,
(3.1) (3.7)
$\frac{\alpha^{-1}-\alpha}{-2}\int_{-1}^{1}\frac{T_{N}(x)}{x-c}dx$ $=$ $\sum_{n=-\infty}^{\infty}\alpha^{|n-N|}\int_{-1}^{1}T_{|n|}(x)dx=\sum_{n=-\infty}^{\infty}\frac{\alpha^{|2n-N|}-\alpha^{|2n+2-N|}}{2n+1}$
$=$ $(1- \alpha^{2})\sum_{n=0}^{\infty}\{\frac{\alpha^{2n}}{2n+1-N}+\frac{\alpha^{2n}}{2n+N+1}\}$ , (38)
. 31 , 2 (3.8) .
$\sum_{n=0}^{\infty}\frac{\alpha^{2n}}{2n+1-N}=\sum_{n=0}^{N/2-1}\frac{\alpha^{2n}}{2n+1-N}+\sum_{n=0}^{\infty}\frac{\alpha^{2n+N}}{2n+1}=-\phi(\alpha, N)/(2\alpha)$,
$\sum_{n=0}^{\infty}\frac{\alpha^{2n}}{2n+1+N}=\alpha^{-N}\{\sum_{n=0}^{\infty}\frac{\alpha^{2n}}{2n+1}-\sum_{n=0}^{N/2-1}\frac{\alpha^{2n}}{2n+1}\}=\alpha^{-N}\psi(\alpha, N)/2$ . $\square$ (3.9)






2: $|\alpha|^{-N}$ , (3.4) $\psi(\alpha, N)$
. $M=[-N\log_{10}\alpha]$ , (3.4) $M$ .
, . $N\geq 2$ $N$
$0 \leq\sum_{n=0}^{\infty}\frac{\alpha^{2n}}{2n+N+1}<\sum_{n=0}^{\infty}\frac{\alpha^{2n}}{2n+1}=\frac{1}{2\alpha}\ln(\frac{1+\alpha}{1-\alpha})$ ,
, (3.9). , ,
$0\leq\psi(\alpha, N)/[(1/\alpha)\ln\{(1+\alpha)/(1-\alpha)\}]<\alpha^{N}\leq 10^{-M}$ .
(3.4) $\psi(\alpha, N)$ , 1
, . $s$ $s=10$ , $|\alpha|^{-N}\leq s$
, $\psi(\alpha, N)$ (3.4) . , $|\alpha|^{-N}\leq s$
, 2 (3.4) . ,
(3.4) , $\Sigma_{n=0}^{\infty}\alpha^{2n}/(2n+1+N)$ ;(3.9) .
, Levin Sidi[17] $d$- $m=1$ ,
. , Sidi[19] W-
. , Ford $Sidi[6]$ . ,
$m=1$ , INCR
. , $\alpha^{INCR}\approx 0.66$ INCR .
0.66 . (Ford Sidi , $W^{(m)_{-}}$
, $m=1$ $Sidi[19]$ W- . ,
Ford Sidi , $c$
, $\alpha$ . )
, l $T_{N}(x)/(x^{2}+\delta^{2})dx$ . .
32 $|\delta|=(\alpha-\alpha^{-1})/2$ , $\alpha=|\delta|$ – $\sqrt{}\sqrt{}$\delta 2+ .
$\frac{1}{x^{2}+\delta^{2}}=\frac{-4}{|\delta|(\alpha+\alpha^{-1})}\sum_{n=0}^{\infty}$
’ $(-\alpha^{2})^{n}T_{2n}(x)$ . (3.11)





3.3 $N$ , $\alpha$ 3.2 .
$\int_{-1}^{1}\frac{T_{N}(x)}{x^{2}+\delta^{2}}dx=\frac{1}{|\delta|}\{2\alpha\sum_{n=0}^{N/2-.1}\frac{(-\alpha^{2})^{n}}{N-2n-1}-2\alpha\sum_{n=0}^{\infty}\frac{(-\alpha^{2})^{n}}{N+2n+1}+(-\alpha^{2})^{N/2}\tan^{-1}\frac{1}{|\delta|}\}$.
(3.13)






(3.14), (3.15) (3.13) .
$-2 \alpha\sum_{n=0}^{\infty}(-\alpha^{2})^{n}/(2n+1)=-2\tan^{-1}\alpha=\tan^{-1}(1/|\delta|)$ ,
$-1/|\delta|=2\alpha/(1-\alpha^{2})$ .
, $Sidi[19]$ W- (INCR $=1$ ,
Levin- [16]) , (3.13)
. 20 $N$ $|\alpha|<1$ ,
.
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$(t)$ , $t=\cos\theta$ $(t)=\sin(k+1)\theta/\sin\theta$
.




$f(z)$ . , $p_{N}(x)$
(Elliott[5], Hasegawa and $Torii[9]$ ),
(Hasegawa et $a1.[12]$):
$f(x)-p_{N}(x)= \frac{1}{2\pi i}\oint_{\epsilon_{\rho}}\frac{\omega_{N+1}(x)f(z)dz}{(z-x)\omega_{N+1}(z)}=\omega_{N+1}(x)\sum_{k=0}^{\infty}/V_{k}^{N}(f)T_{k}(x)$ . (4.2)
(4.2) , $V_{k^{N}}(f)$ ,
$V_{k}^{N}(f)= \frac{1}{\pi^{2}i}\oint_{\epsilon_{\rho}}\frac{\tilde{U}_{k}(z)f(z)dz}{\omega_{N+1}(z)}$, $k\geq 0$ . (4.3)
$(z)$ ,
$\tilde{U}_{k}(z)=\int_{-1}^{1}\frac{T_{k}(t)dt}{(z-t)\sqrt{1-t^{2}}}=\frac{\pi}{\sqrt{z^{2}-1}w^{k}}=\frac{2\pi}{(w-w^{-1})w^{k}}$ , (4.4)
$w=z+\sqrt{z^{2}-}$ , $z\not\in[-1,1]$ $|w|>1$ (Gautschi and Varga[8],
Hasegawa et a1.[12]).
(1.1) (1.4) (4.2) QN $(f;K)$ :
$I(f;K)-Q_{N}(f;K)=I(f-p_{N};K)= \sum_{k=0}^{\infty}$
’ $V_{k}^{N}(f)\Omega_{k}^{N}(K)$ , (4.5)
, $\Omega_{k}^{N}(K)$
$\Omega_{k}^{N}(K)=\int_{-1}^{1}K(x)\omega_{N+1}(x)T_{k}(x)dx$ . (4.6)
(4.5) , $V_{k}(f)$ $\Omega_{k}^{N}(K)$ .
$K_{1}(x)=1/(x-c)$ , A .
4.1 $K_{1}(x)$ (1.2) , $\Omega_{k}^{N}(K)$ $(4\cdot 6)$
. $\Omega_{k}^{N}(K_{1})$ $c$
$|\Omega_{k}^{N}(K_{1})|\leq 8$ . (4.7)
. A 41 , $\alpha$ $c\not\in[-1,1]$ $|\alpha|<1$
, (4.7) c
.
$B$ , $K_{2}(x)=1/(x^{2}+\delta^{2})$ .
4.2 $K_{2}(x)$ (1.2) , $\Omega_{k}^{N}(K)$ $(4\cdot 6)$
. $N$ , $\Omega_{k}^{N}(K_{2})$ $\delta$ .
, $k$
$|\Omega_{k}^{N}(K_{2})|\leq 8k/\sqrt{\delta^{2}+1}\leq 8k$ , (4.8)
.
22
$f(z)$ , $\epsilon_{\rho}$ $M$ $z_{m}(m=1,2, \ldots, M)$ $Resf(z$
, . , (4.3)
$V_{k}^{N}(f)=- \frac{2}{\pi}\sum_{m=1}^{M}Resf(z_{m})\tilde{U}_{k}(z_{m})/\omega_{N+1}(z_{m})$ , $k\geq 0$ . (4.9)
, $z=(w+w^{-1})/2\not\in[-1,1]$ , $|w|>1$ , $T_{k}(z)=(w^{k}+w^{-k})/2$
, (4.1) $\omega_{N+1}(z)$ = $\sqrt{}$7: (wN-w-N) . (4.4)
$\frac{\tilde{U}_{k}(z)}{\omega_{N+1}(z)}=\frac{\pi}{z^{2}-1}\frac{1}{w^{k}(w^{N}-w^{-N})}$
(4.9) , $|z_{j}+ \sqrt{z_{j}^{2}-1}|=\min_{1\leq m\leq M}|z_{m}+\sqrt{z_{m}^{2}-1}|\equiv r>1$
. , $w_{j}=z_{j}+$










$=$ $8|V_{0}^{N}(f)| \{\frac{r}{r^{2}-1}+\frac{2r}{(r^{2}-1)^{2}}\}<4|V_{0}^{N}(f)|\frac{r^{2}}{(r-1)^{2}}$ , (4.11)
(4.11) $r+1>2$ .
, $|V_{0^{N}}(f)|$ $p_{N}(x)$ $a_{k}^{N}$ . Elliott[5]
$a_{k}^{N}= \frac{2}{\pi i}\oint_{\epsilon_{\rho}}\frac{T_{N-k}(z)f(z)}{\omega_{N+1}(z)}dz$ , $0\leq k\leq N$ .
, (4.9) , $N$ $|V_{0}^{N}|\sim$
$|a_{N}^{N}|r/(r^{2}-1)$ $|a_{k}^{N}|\sim r|a_{k+1}^{N}|$ . (4.10) $Q_{N}(f;K_{1})$
$E_{N}(f;K_{1})=(|a_{N}^{N}|/2) \frac{8r}{(r-1)^{2}}$ . (4.12)
$r$ $\{a_{k}^{N}\}$ (Hasegawa et $a1.[12]$ ). , $K_{2}(x)$
(4.11) $l^{a}$ 1
$E_{N}(f;K_{2})=(|a_{N}^{N}|/2) \frac{2r^{3}}{(r-1)^{3}}$ . (4.13)
23
$Q_{N}(f;K_{1})$ QN $(f;K_{2})$ (4.12), (4.13) $\delta$
. , (4.12)( (4.13)) , $\delta$





(Gentleman[7], Branders and Piessens[2]). , ,
$N$ ,
. Hasegawa et $a1.[13]$ , $N$
$N=6,8,10,$ $\ldots,$ $3\cross 2^{n},$ $4\cross 2^{n},$ $5\cross 2^{n},$ $\ldots$ , $(n=1,2,3, \ldots)$ ,
(FFT) , $\{p_{N}\}$ ; FFT
Hasegawa and Torii[10] .
5
(P1) $\int_{-1}^{1}f(x)/(x-c)dx$ , $c=-1-\delta$ , $\delta=10^{-1},10^{-3},$ $\ldots,$ $10^{-9}$ ,
(P2) $\int_{-1}^{1}f(x)/(x^{2}+\delta^{2})dx$ , $\delta=10^{-1},10^{-2},$ $\ldots,$ $10^{-5}$ ,
$f(x)$
$f(x)= \frac{1-a^{2}}{1-2ax+a^{2}}=2\sum_{n=0}^{\infty}\prime a^{n}T_{n}(x)$ , $|a|<1$ .
$a$ 1 , $f(x)$ ,
(P1) (P2) . $(a+0^{-1})/2=1+5^{-2}$
$a<1$ $a$ . 1 , $\epsilon_{r}=10^{-6}$ $10^{-10}$
, $N+1(=$ $p_{N}(x)$ $f(x)$
) . (P1) $|c|>1$
, ,
(Takahasi and Mori[20]) (
NUMPAC DEFIND ) .
24
1: Performance of the present method for the integrals $( P1)\int_{-1}^{1}f(x)/(x-c)dx$ ,
$c=-1-\delta$ , and $( P2)\int_{-1}^{1}f(x)/(x^{2}+\delta^{2})dx$ , where $f(x)=(1-a^{2})/(1-2ax+a^{2})$ with
$a$ satisfying $(a+a^{-1})/2=1+5^{-2}$ and $0<a<1$ . The numbers of function evaluations
$N+1$ required to satisfy the requested relative tolerances $\epsilon_{r}=10^{-6}$ and $10^{-10}$ are listed
in the forth and sixth columns, respectively. “For comparison with the double exponential
formula(DE) due to Takahasi and Mori, in the parentheses are given results obtained
using DEFIND, a FORTRAN program based on the DE formula, in NUMPAC.
25
A 4.1
4.1 . (3.1), (3.6) (3.7) ,
$( \alpha-\alpha^{-1})\frac{T_{N+1}(x)T_{k}(x)}{x-c}$ $=$ $2 \sum_{n=-\infty}^{\infty}\alpha^{|n|}T_{|n+N+1|}(x)T_{k}(x)$
$=$ $\sum_{n=-\infty}^{\infty}\alpha^{|n|}\{T_{|n+N+1|+k}(x)+T_{||n+N+1|-k|}(x)\}$
$=$ $\sum_{n=-\infty}^{\infty}\alpha^{|n|}\{T_{|n+N+1+k|}(x)+T_{|n+N+1-k|}(x)\}$ . (A.1)
$( \alpha-\alpha^{-1})\frac{T_{N-1}(x)T_{k}(x)}{x-c}=\sum_{n=-\infty}^{\infty}\alpha^{|n+2|}\{T_{|n+N+1+k|}(x)+T_{|n+N+1-k|}(x)\}$ , (A 2)
. (4.6) (4.1), (A.1) (A 2)
$( \alpha-\alpha^{-1})\Omega_{k}^{N}(K_{1})=\sum_{n=-\infty}^{\infty}(\alpha^{|n|}-\alpha^{|n+2|})\int_{-1}^{1}\{T_{|n+N+1+k|}(x)+T_{|n+N+1-k|}(x)\}dx$.
. $n+1\neq 0$ $|\alpha^{|n|}-\alpha^{|n+2|}|=|\alpha-\alpha^{-1}||\alpha|^{|n+1|}$ ,
,
$| \Omega_{k}^{N}(K_{1})|\leq\sum_{n=-\infty}^{\infty}|\alpha|^{|n+1|}|\int_{-1}^{1}\{T_{|n+N+1+k|}(x)+T_{|n+N+1-k|}(x)\}dx|$ . (A.3)
$|\alpha|<1$ , $n$ 1 $T_{|n|}(x)dx=2/(1-n^{2})$ ,
(A.3) ,
$| \Omega_{k}^{N}(K_{1})|\leq 2\sum_{n=-\infty}^{\infty}\frac{2}{|1-4n^{2}|}=8$ ,
4.1 .
$B$ 4.2
42 . $k$ $\Omega_{k}^{N}(K_{2})=0$ ,
. $k$ . (4.1) (4.6)
$|\Omega_{k}^{N}(K_{2})|\leq|F_{k}^{N+1}(K_{2})|+|F_{k}^{N-1}(K_{2})|$ ,
,
$F_{k}^{N\pm 1}(K_{2})= \int_{-1}^{1}T_{N\pm 1}(x)T_{k}(x)K_{2}(x)dx$ , (B.1)
26
. (4.8) ,
$|F_{k}^{N\pm 1}(K_{2})|\leq 4k/\sqrt{\delta^{2}+1}$. (B.2)
$F_{k}^{N+1}(K_{2})$ (B.2) . $F_{k}^{N-1}(K_{2})$
.
(A.1) , (3.6), (3.7) (3.11)
$-| \delta|(\alpha+\alpha^{-1})\frac{T_{N+1}(x)T_{k}(x)}{x^{2}+\delta^{2}}$ $=$ $2 \sum_{n=-\infty}^{\infty}(-\alpha^{2})^{|n|}T_{|2n+N+1|}(x)T_{k}(x)$
$=$ $\sum_{n=-\infty}^{\infty}(-\alpha^{2})^{|n|}\{T_{|2n+N+1+k|}(x)+T_{|2n+N+1-k|}(x)\}$
$=$ $\sum_{n=-\infty}^{\infty}\{(-\alpha^{2})^{|n-k|}+(-\alpha^{2})^{|n|}\}T_{|2n+N+1-k|}(x)$ , (B.3)
. $\int_{-1}^{1}T_{|2n|}(x)dx=2/(1-4n^{2})$ (B.1) (B.3) ,
$k$ $N$
$-| \delta|(\alpha+\alpha^{-1})F_{k}^{N+1}(K_{2})=2\sum_{n=-\infty}^{\infty}\frac{(-\alpha^{2})^{|n-k|}+(-\alpha^{2})^{|n|}}{1-(2n+N-k+1)^{2}}$ . (B.4)
$N+1$ (B.2) , (B.4)
$|(-\alpha^{2})^{|n-k|}+(-\alpha^{2})^{|n|}|\leq(1-\alpha^{2})k=-\alpha(\alpha-\alpha^{-1})k=-2\alpha|\delta|k$, (B.5)
$\sum_{n=-\infty}^{\infty}2/|1-(2n+N-k+1)^{2}|=\sum_{n=-\infty}^{\infty}2/|1-4n^{2}|=4$ ,
$\alpha+\alpha^{-1}=-2\sqrt{1+\delta^{2}}$ . $-1\leq\alpha\leq 0$ , $k$
$1+(-\alpha^{2})^{k}=1-\alpha^{2k}=(1-\alpha^{2})(1+\alpha^{2}+\cdots+\alpha^{(2k-2)})\leq-2\alpha|\delta|k$ ,
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